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I. LOAD MODELS
A. Introduction

Power system analysté require mathematical models to
repfesent the various components in the system. The
accuracy of the results of any analysis depends on how good
the models are. Fairly detailed representations have been
developed for synchronous machines and transmission lines.
However, loads are extremely difficult to model, especially
composite loads. These loads are not homogeneous and,
therefore, are difficult to represent by a simple model or
mathematical formula. Furthermore, as in the case of
induction motor loads, the characteristics of individual
loads could vary widely. To complicate matters further,
some loads, like arc furnaces, are stochastic.

Since load models are indispensable in power system
analyses, various types have been proposed and used. These
range from representing loads in electrically remote areas
of the system under study as negative generation to very
detailed models of individual load components within the
study area. The type of studies, the accuracy desired, and
the availability of load models dictate which models are
used. Models suitable for load flows may not be accurate
enough for transient stability studies or for analyzing the

performance and interactions of various loads. The choice



of a particular model depends on the complexity of the
system being analyzed and the desired accuracyvof the
results.
B. The Importance of Load Models‘in the Analysis of
Electric Power Systems

The apparent power drawn by loads in power systems
varies with both the voltage and frequency. During
electrical power system disturbances, these variations and
the load dynamics determine the amount of real and reactive
power consumed by the loads. However, most of these changes
are very complex and not easily modeled. ‘Therefore, loads
have been frequently modeled in power system analyses by
constant impedances (constant Z), constant currenté
(constant I), or constant apparent power (constant MVA); but
these models do not adequately describe the load behavior in
all cases.

For constant impedance loads, the apparent power
consumed varies as the square of the voltage. For constant
current loads, the apparent power is directly proportional
to the voltage, but for constant MVA loads it is independent
of the voltage. Some loads cannot be accurately described
by any single one of these representations and combinations
of all three are sometimes used [25]} in building the model
of the load. In other instances, simple mathematical

equations, that are usually polynomials or exponentials of



voltage and frequency [1l1, 19, 2, 6], are used to relate
these variables to the real and reactive power consumed by
the loads.

Different load models are known to give different
results for transient stability studies. In some cases [15,
25, 19, 34, 43), one load model may give results which
predict that a power system is stable following a
disturbance, while another model would predict instability
for the same disturbance. Conflicts of this nature require
that the behavior of various loads during and following
power system disturbances be kﬁown and accurately modeled in
ordér that conclusive deductions could be made. This
knowledge is very essential especially when the results
depend on the load model.

A stﬁdy by Gentile et al. [14] shows that load
representation sometimes affects the outcome of a transient
stability study more than the response ratio of generator
excitation systems. In this study, it was cbserved that
changing the load model from constant impedance to constant
current changed the results of the transient stability study
more significantly than the changes observed when the
response ratios of the exciters were changed from 0.5 to
2.0. This is significant [14] because the decision on
response ratio for exciters could involve large equipment

costs, up to a million dollars.in some cases.



Another study [14] shows a case in which the transient
stability limit 6f the power transfer between two power
pools, the New York and New England power pools, was
significantly limited by uncertainties in load
characteristics. In this interconnection, the thermal limit
of the power transfer between the two systems was known to
be between 1400 MW and 1500 MW. Despite this, the transient
stability limit was set at 1200 MW because the load model
(constant impedance in this instance) that appeared to give
the most conservative results was chosen ip setting the
power interchange limit. Lack of an adequate model for the
load prevented designers from taking full advantage of the
interchange capabilities.

Since more than 60% of the load in electrical power
systems is driven by induction motors [42], the dynamics of
these motors and their mechanical loads would account for
the greater part of the dynamic power requirements of the
load. In some analyses, it is important to model this
dynamic behavior. When load dynamics were modeled in a
transient stability study done on a two-generator system
[16], the results showed that the system was less stable
than when oﬁly static load representations (constant 2,
constant I), were used. This was the case for remoﬁe
generation. The opposite of these results was obtained for

local generation.



C. Load Model Literature Review

Much work has been done to determine the steady state
characteristics of loads. Kent et al. [25] have given a
method that uses voltage and power measurements at a load
bus to determine the decomposition of the load into constant
Z, constant I, and constant MVA components. .The percentage
decomposition is shown to depend on the the type of area the
bus feeds (for example, residential, commercial and
industrial area), and the types of loads connected to it.
Heating loads usually behave as constant impedances and
motors behave more like constant MVA loads.

In their experiments, Kent et al. caused voltage
variations at varioﬁs load buses and measured the steady
state real and reactive power requirements and the voltage.
The results are then uséd in calculating the load
decomposition into constant Z, constant I, and constant MVA
cgmponents. This decomposition is then used in estimating
the steady state power requirements at any other voltage
level.

In practice, it is difficult to determine the load
characteristics at all load buses by creating disturbances
and carrying out measurements. Furthermore, it is desirable
to predict load response to more drastic changes in bus
voltage than is feasible or advisable when carrying out

experiments in an operating system. Bus voltages vary



between 0 and 120% of the normal value in real systems [13].
However, in experiments the variations are usually limited
[19] to only %7.5% of the nominal value when transformer
taps are used to cause the voltage changes. There is,
therefore, the need to obtain the load response by different
means.

Other researchers like Chen [10, 11, 12] and Berg [6]
have approached the problem of modeling loads differently.
They build the response of a composite load as the sum of
the responses of the various load components. The behavior
of most load components when operated at voltages or
frequencies other than their rated values have been measured
and the data from these measurements are used in the
building process.

Simple statistical methods are used to estimate the
number of individual load components connected to any bus in
the system. Load inventory and load utilization data are
used to estimate the total load connected to any bus. The
load inventory data, which can be obtained from the
manufacturers or other sources [16], gives the number of
components of a kind (e.g., refrigerators, electric ranges)
connected ta the system, and the load utilization data gives
the fraction of the connected load in use at any time.

The results of measurements to determine the voltage

and frequency characteristics of power system load



components have been reported in the works of several
authors [10, 11, 2, 3, 6]. These results are usually
expressed as equations which relate the real and reactive
values of power to polynomial or exponential functions of
voltage and frequency. Sometimes [10, il] the deviations of
voltage and frequency from their nominal values are used in
the equations for more accurate results.

Even though this method describes stati¢ loads
accurately, it gives poor results for dynamic loads.
Electric motors and their mechanical loads contribute most
to the load dynamics. The parameters of the motor, its
rating and operating conditions, and the nature of the
mechanical load, all. affect the response of a motor
following a disturbance.

Since more than 60% of power system loads are driven by
induction machines, much attention was given to modeling
induction machine loads during system disturbances. Early
in the art, Brereton and colleagues [8] developed various
simplified models for induction machines for use in
transient stability studies and showed the limitations of
some of the simplified models.

Other researchers who studied the behavior of induction.
machine loads in power systems include Magginnis and Schultz
[32], Ramsden, Zorbas, and Booth [35], Mauricio and Semlyen

[34], Gevay and Schippel (18], Kalsi and Adkins [24],



Mahmoud, Harley and Calabrese [33], Iliceto and Capasso
[21], and Ueda and Takata [43]. These researchers studied
different aspects of machine loads, especially their effects
on the bus and network voltages during starting and on the
transient stability (of both the machine and system)
following disturbances. Many other researchers have worked
on different aspects of the effect of induction machine load
disturbances on power systems and vice versa, but all of
them have not be mentioned here.

The behavior of single induction machines in power
systems has been described by equations developed by several
researchers. Equations derived by Stanley [41], Krause
[26], and Krause and Thomas [29] are widely used for
studying the steady state and transient behavior of
indu;tion machines. Another group of authors, which include
Jordan [23], Robertson and Hebbar [36], Lipo,4Krause and
Jordan [31], and Krause and Hake {27], have aiso developed
methods that analyze the transient behavior of inverter-fed

motors.
D. Transient Response of Induction Machines

There are three main components of the transient
responsevof induction machines. These are the electrical
transients of the stator circuit, the electrical transients

of the rotor circuit, and the mechanical transients of the



rotor and its connected load. The accuracy obtained from
any simulation depends on the number of these transients
taken into account.' When all three components are
represented in a model, such a model is said to be full
order. Neglecting one or more components results in a
reduced order model. Brereton and colleagues [8], Berg and
Subramaniam [7], Krause and Murdock [28], Sastry and
Burfidge [{38], Skvarenina and Krause [40] and Krause et al.
[30] have all explored the use of reduced order models and
have given the limitations of some of the models.

Whereas modeling all three transient phenomena résults
in the highest degree of accuracy, it involves the solution
of more equations and takes more computing time. Variéus
researchers including Berg and Subramaniam [7] and Chen [10,
11} studied the responses of the various models and compared
them with experimentally measuréd results. They have shown
that the full order model (of fifth order for single-cage
induction machines) most accurately tracks the variations in
current and power during transients. A third order model
only gives the average response of the stator variables but
neglects the high frequency variations in the stator current
and power which usually occur following a disturbance [10,
11]. . The first order'model, in which only the mechanical
dynamics of the rotor are simulated, is accurate [10, 11, 7]

only after the transients have died down.
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During some severe disturbances, the frequency of the
electric supply system deviates from its nominal value. Not
much [12, 9] research has been déne to determine the effect
of such deviations on induction machines. Akhtar [3]
reported a method by which the steady state power drawn by a
group of motors could be calculated or estimated when the
frequency deviates from the nominal value.

E. Singlé Unit Equivalents of Two or More
Induction Machines

There are many induction machine loads in power systems
and it is impractical to represent all these machines in
most power sYstem analyses. Several attempts [3, 7, 1, 37,
21, 5] have, therefore, been made to represent the composite
effects of the dynamics of two or more induction machines
and their mechanical loads by an equivalent machine and
load. Akhtar [3] proposed a method that deals only with the
effect of frequency variations on groups of induction motor
loads. The method assumes the response of the motors to
frequency change is exponential. The method also gives an
equivalent motor which represents the group of induction
motors. The response of this equivalent motor to frequency
changes is also exponential and not the dynamic (oscillatory
and damped average) response that is usually obtained from

measurements.
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Another method was formulated by Abdel-Hakim and Berg
[1] for calculating the equivalent of a number of machines
fed from a common bus. In this method, all the machines are
represented by their equivalent circuits. These circuits
are connected in parallel and are then reduced to a single
equivalent circuit that represents the single unit
equivalent. The concept of conservation of mechanical
output power is used in finding the torque speed
characteristics of an equivalent mechanical load. This
method has been used by Berg and Subramaniam [7] and
Roohparvar, Mahmoud and Hanania [37] to study va;ious
behaviors of induction machine loads during transients and
under motor starting conditions. The equivalent obtained by
this method is of first order only and does not adequately
model the dynamics of the load during the period that
follows a system disturbance {7, 10, 11], when the
electrical transients are significant. It is, however,
accurate in the steady state.

Chen [10, 11, 12] has aiso proposed another model that
uses two exponential functions with the same time constant
to describe the variations of real and reactive power drawn
by induction motors'following a disturbance. The equivalent
time constant of two or more mctors is found as a weighted
sum of their individual time constants, the weighting

factors being the steady state real powers drawn by the
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individual motors. Other researchers, namely Gentile,
Ihara, Murdoch and Simons [14, 16], did experiments to test
this method and found that it does not adequately model load
dynamics. The model is reported to predict time constants
that are five to ten times lower than measured values.

Another method of obtaining single unit equivalents was
developed by Iliceto and Capasso [21]. They used a third
order model (which simulates the rotor electrical and
mechanical transients of the induction machines) in deriving
the equivalent. The open circuit time constant, T'do, and
the inertia constant, H, of the rotor and loadlare important
parameters which great;y affect the dynamic response of any
motor. The authors proposed that the T'do of the equivalent
machine may be calculated as the weighted average of the
T'do of the individual motors. The weighting factors are
the ratios of the motor power ratings to the total power
rating of all the motors to be grouped together. The same
weighting is used in obtaining the inertia constant, H, the
resistances and reactances of the equivalent machine.
Iliceto and Capasso also found that not all motors could be
combined into one equivalent, but only those satisfying the
condition H.> (1/2) T'do.

Ihara and Baheti [20] developed a dynamic load model
that represents a large number of small and medium induction

motors by a number of 'basis motors'. The method divides
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motors into classes based on their ratings. From these
divisions, a representativé motor is chosen to represent the
'typical' motor in each class. This is called the 'basis
motor'. Using 'basis motors' instead of the actual motors
in the system makes data preparation very minimal.

The inertial dynamics of the 'basis motors' are
formulated in an admittance form which yields a éimpler
mathematical method of aggregation. A number of assumptions
and simplificatons are made in deriving the model. The two
most important ones are:

1. Neglecting both stator and rotor flux transients.
2. Restricting voltage dips.

The restriction on voltage dips requires it to be
composed of a voltage depression of short duration (a fault
dip) followed by a slow and limited swing (a swing dip).
Although necessary to prevent motors from stalling during
the dip, Ihara and Baheti [20] pointed out that these
restrictions might greatly reduce the practicality of the

model.
F. Summary

There are some motivations in searching for equivalents
to be used in power system analyses. Using an equivalent
motor and mechanical load to represent all or some of the

motor loads connected in'the power system would greatly
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reduce the number of mathematical equations that are
required to describe all the motor loads. 1In addition, a
good equivalent induction motor and mechanical load would
give an accurate load dynamic behavior that would represént
the dynamics of>the many motor loads connected to the system
bus. This equivalent would also take into account the
variations in the real and reactive power consumed by the
load due to both voltage and frequency changes. The
limitations of the equivalents discussed so far render them
inadequate for use in solving every problem in power system

analyses.:
G. Research Scope and Objectives

Much work has been done in determining the voltage and
frequency dependence of the real and reactive power drawn by
many nondynamic load components. An adequate model for the
dynamic portion of the load is needed for some power system
analyses like stability studies. Even though a number of
models have been proposed, none has been found to accurately
describé the load behavior during transients. This research
is directed towards:

1. Deveioping equations for a single unit equivalent

of squirrel cage induction machines (fed from a
common bus) using their transient equations in

the 0-d-g axes.
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Testing the derived equivalent machine against
the full representation of all the machines.
Determining criteria for grouping different
induction machines into single units with minimum
error.

Comparing the resulting dynamic load model with
constant current and constant impedancé load

models in a transient stability study.

. Suggesting how the method of this work could be

employed in modeling induction machine loads in

practical power systems.
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II. AN EQUIVALENT MODEL OF N INDUCTION MACHINES

A. Introduction

An induction machine and its performance can be
analyzed by a set of electrical and mechanical equations
derived for the machine. The electrical equations are
either flux linkage or voltage equations of the stator and
the rotor circuits. The mechanical equations describe the
inertial dynamics of the rotor and any attached mechanical
load. Both the electrical and the mechanical equations are
needed to fully describe the machine performance.

The electrical equations may be written in terms of the
a-b-c phase variables and then transformed by Park's
transformation into the known orthogonal O-d-g axes. This
transformation simplifies the solution of the equations for
symmetrical machines. Inductances that vary with the
angular position of the rotor in the a-b-c quantities become
constant aftef the 0~d-g transformation. Details of this
transformation from the a-b-c variables to the 0-d-q
variables are summarized in Appendix A.

The deQelopment of the equations in Appendix A is
clearly oriented towards the analysis of single induction
machines since it involves mutual couplings that are present

between two magnetic circuits in the same machine. For
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analyzing a single'machine connected to a load bus in é
power system, these equations are adequate; However, there
is more than one induction machine at most load buses in an
electric power systeﬁ. It is therefore desirable to derive
a new set of equations which would describe a whole group of
induction machines connected to a common bus. This
dissertation is focused on developing such a model.

In practice, induction machines are fed from load buses
through feeder cables. In some cases, these feeders are
short enough that their impedances can be neglected in any
analfsis and the voltage at the bus assumed to be the same
as the voltage at the machine terminals. But in other
cases, the impedances are significant and can not be
neglected without causing significant error. A large feeder
impedance reduces the voltage at the terminals of the
machine thus affecting its performance. For accurate
analysis, it is desirable to include these feeders in any
studies done on the machines and the system.

In the development that follows, it is assumed that a
group of induction machines are fed from a common bus
through separate feeders. In order to derive an equivalent
machine to fepresent all these machines, the parameters of
each feeder and the voltage drop across it are incorporated
into the equations of the machine it feeds. The resulting

equations are then used to develop the equations of an
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inductioﬁ machine which is equivalent to the whole group of
induction machines. This equivalent machine is connected to
the original common bus. If has its own parameters and
inertia and draws current and power equal to the sum of the
currents and power drawn by the individual machines. It
also drives an equivalent mechanical load and delivers the
same power to the mechaniEal load as the total power

delivered by the individual machines.

B. Incorporating Feeder Parameters into the Induction
Machine Equations.
As shown in Appendix A, the voltage equations that
describe the behavior of a symmetrical three phase induction

machine are given by Eq. 2.1.

vq;- RS + Lssp -wLSS Mp ~wM iqs
Vas!| = sts Rs + Lssp wM Mp ids
vqr Mp -(w-wr)M Rr + erp -(w-wr) er iqr
Var L (v-w )M Mp (0=w )L Ry * Ly P Lédﬁ.
(2.1)
where
Vqs = g-axis stator wvoltage

Vs = d-axis stator voltage
8 L)

v = g-axis rotor voltage

d-axis rotor voltage
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R, = resistance of stator circuit
ss = inductance of stator circuit
o) = d/dt
w = speed of reference frame
w,. = speed of rotor
er = inductance of rotor circuit
M = mutual inductance between rotor and stator circuits
For singly fed induction machines, vdr = vqr = 0.

In Eq. 2.1, the voltages Vas and vqs are the d-axis and the
g-axis values of the transformed stator terminal voltage VT
shown in the single line diagram of Fig. 2.1. In the
figure, the induction machine is fed from the bus B through
a balanced three phase feeder having resistance RF and

inductance LF’

Fig. 2.1. Single line diagram of an induction machine
and its feeder
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From Fig. 2.1, the voltages at bus B are given by

[VB]abc = [VT]abc * [VF]abc (2.2a)
= [(Vplape * [Rpl [ilc + (Ll PIi1 0 (2.2b)
where — -
Rf 0 0
[RE] = 0 Rf 0 (2.2¢c)
0 0 R
- £
P ——
Lf Lm Lm
[LF] = Lm Lf Lm (2.2d4)
' Lm Lm L
. .
[4] = [i i it (2.2e)
abc a b c :
[VB]abc = the phase voltage at bus B
[VT]abc = the terminal voltage of the induction machine
[VF]abc = the voltage drop across the feeder
p = d/dt

Since it is easier to analyze the induction machine
using the 0O-d-g axes variables, Eg. 2.2a will be transformed
from the phase variables into the 0-d-g. Equation 2.3a

illustrates thé transformation.

[P] [Vglpe = [B] [Vgplge + [P] [RGD [,

+ [P] [Lg] pli] (2.3a)

abc
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where
1/v2 1/v/2 1/V2
[P] = V2/3 | cosb cos(0-21/3) cos(8+27/3) (2.3b)
sing sin(6-21/3) sin(0+2m/3)

[P] is the modified Park's transformation matrix and

[Pl Vglape = [Vplpgq (2.3c)
[Pl [i]l e = [iIOdq (?-3d)
The term [P] [VT] of Eg. 2.3a are the zero, d-axis and
g-axis transformed values of the stator terminal voltage VT
which are equal to the stator voltages given in Eqg. 2.1
~where the zero sequence quantities are zero for a balanced

system. The other terms in Eq. 2.3a are as follows:

[P] [Rgl [l = [P] [Rp] (P17 [ilggq = [Rpl [ilggg

(2.4a)
The last term in Eqg. 2.3a is given by
[P] [Lgl Plil,,. = I[F] [Lgl p{[P]"1 [i]Odq} (2.4b)
_ -1 -1 . -1 .
= [P] [Lg] [P] [P] {p([P] ) [1]0dq + [P] p[l]Odq}
(2.4c¢)
= [ogql [P p((P171) [ilogq * [Toaq! Pliloag (2.4d)
where
- o
Lf+2Lm 0] 0
(Logg) = [P] [Tyl (P171 = | O Le-Ly 0
0 0 Lf-Lm (2.4e)
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and
m o
[P] p(P]™ T [i] =w| i : (2.4£)
Odg as
“igs
Therefore,
= -
0
[P] (L) Plilg, = [Lggql Plilggy + | @(LgLpigo | (2.5
=0 (Lg=Lp)igg

Substituting Egqs. 2.1, 2.4a and 2.5 in Eq. 2.3a gives

0

[VB]Odq= [VT]Odq+ [RF] [i]Odq+ [LOdq] p[i]Odq'* w(Lf-Lm)iqs

70 (B"En) qs
(2.6)

For a baianced system, the zero sequence current is zero.
Expanding Eq. 2.6 and neglecting the zero sequence gives
Egs. 2.7.

[Vglg = (uL.)

* w(Lf-Lm)iqs * (Re + (LemLpP)igg

ss j‘qS»+ (Rs * Lssp)lds * (wM)lqr * (Mp)ldr

(2.7a)
[Vglg = (Rg *+ Ly p)i = (WL )ig  + (Mp)i, - (uM)ig,

+ (Rg + (LgmL)p)ig = w(Lg=L)igy (2.7b)

Equations 2.7a and 2.7b are the basic voltage equations
for the induction machine and its feeder. By comparison, it

is clear that Egs. 2.7a and 2.7b are similar to the stator
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voltage equations of Eq. 2.1. Equations 2.7 can be
interpreted as induction machine equations in which the
resistance Rf of the feeder is added to the stator
resistancé Rs and the inductance (Lf - Lm) of the feeder is
added to the stator inductance Lss' The voltage on the
resulting circuit is, therefore, the bus voltage VB'
Incorporating the feeder parameters into the machine
gives the common reference bus voltage needed for deriving
the equations of an equivalent machine. It is, therefore,
possible to group induction machines that are directly
connected to a bus and those connected to the same bus
through very long feeders into one equivalent machine at the

common bus.
C. Deriving a Single Set of Equations for N Induction
Machines Connected to a Common Bus

As is shown in Appendix A, the differential equations

that describe a single induction machine may be written as

p[i] = [D] [V] + [E] [1] (2.8a)

pU. (T, - T,)/2H (2.8b)

In Section B, it was shown that the voltage drop
equations of each feeder could be incorporated into the
machine equations. The resulting equations retain the same

form as Eq. 2.8a. However, the quantities in Eq. 2.8a are
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modified to reflect the incorporation of the series
impedance of the feeder. The modified quantities in Egs.

2.8a and 2.8b then become

T
dr]

T
dr]

[i] = i i i i

as qr ds (2.8¢)

]

[V] [v v v

gB qr dB v

(2.8d)

where the subscript B in Eg. 2.8d refers to the bus behind
the feeder in Fig. 2.1 and
[E] = a matrix of machine and feeder parameters,
the speed of the reference frame and the
speed of the machine rotor, given by Eq 2.8e
[D] = A matrix of machine and feeder parameters

given by Egq 2.8i

w.. = angular speed of induction machine rotor
Te = electrical torque developed by the machine
Tm = mechanical torque on the rotor

H = total inertia constant of the rotor and

the attached mechanical load
The equations of single induction machines and their
feeders can be used to find the parameters of an equivalent
machine that would represent a group of machines connected
to a common Bus. Consider the circuit of Fig. 2.2 which is
a single line diagram of a group of N induction machines

connected to a common load bus. In this diagram, each
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' -
erRs MRr
- ' 1
MRs Lss Rr
1
sts er' wrMer
- - 2
(w wr)M
- ! —M2
wrMLss , wM
- 1
+(w wr)Lss
- 2 o '
= 1/(M Lss er)
= Lgg * (Lg=Lyp)
= Rs + Rf
-er M
- 1
M Lss
A
0] 0
0 0
-

' -
sts Lor errrM
- 2
+(w wr)M
] 2
Wpbge M wh
-(w-wr)Lss'er
' -
erRs MRr
- ' 1
MRs Lss Rr

Ly _
(2.8e)
(2.8f)
(2.89)
(2.8h)

0 0]

(0] 0

-er M
] .

M L, (2.81)
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Fig. 2.2. Single line diagram of N induction machines
connected to a common bus through their own
feeders.

machine is connected through its own feeder to the load bus.
The total current at the common bus in Fig. 2.2 is the sum
of the individual machine currents. Therefore, the
variations in current at the common bus is the sum of the
variations in the individual machine currents. Equations

2.9a and 2.9b illustrate these.

i, = X ik (2.9a)
where
k=N
I = 13
k=1

[
~
]

current drawn by the k-th induction machine
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" aiew: total current drawn by all induction machines

p(i) = p(X i) = I p(iy) (2.9b)

The sum of the changes in the currents shown in Eqg.
2.9b can be written in the O-d-g axes using Egs. 2.8.

This is shown in Eg. 2.10a.

pPli ] = 2 p[ip] = % [D] [Vg] + E [Ep] [i,]  (2.10a)

where

[v

5l = [v

and for singly fed induction machines,

Vgr = Var = - (2.10¢)

Even though there is no physical connection between the
the rotor circuits of all N machines, it is mathematically
possiblé to &arry out the summation of the rotor currents in
Eg. 2.10a. For singly-fed machiﬁeé, the impressed voltages
on the rotor circuits are zero. The rotor circuits of all N
machines may therefore be considered to be fed from a common
ground bus. Thus, it is possible to say that the rotor
current in the equivalent machine is the sum of the rotor
currents of all the N machines.

Since all the machines are induction machines, the
equivalent machine which would represent them would also be
an induction machihe. Therefore, the equations of the

equivalent induction machine would have the same form as
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Egqs. 2.8. The following equation can then be written for

the electrical circuits of the equivalent machine.
Plig]l = [D ] [Vg] + [E]] [i]] (2.11a)

where [De] and [Ee] are the corresponding [D] and [E]
matrices of the equivalent machine. |
Equation 2.1la must be equivalent to Eq. 2.10a if the
equivalent machine is to represent the total effect of all
the individual induction machines. For equivalence between

Eg. 2.10a and Eq. 2.11a,

(D] =% [D

e (2.11b)

k!
[Egl [ig] = § [Ey] [i,] (2.11c)

In order to obtain the parameters for the equivalent
machine, it is necessary to find expressions for the
elements of the [Ee] matrix so that Eq. 2.1llc is satisfied.
A solution is found by carrying out a term-by-term
comparison of the [E] [i] products in Eg. 2.1lc. Expanding
Eq. 2.11lc gives Eg. 2.12a, which may also be written as

shown in Eq. 2.12b.

(Ey1)e (Epp)e - Tiqs)] TEll)k (E12)x o] -(-iqs)k
(Bppde (Epple «--| |tigr)e By (Epply -] |Gk
(ig0)e] =2 - : (1gs)k

(2.12a)
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In the matrices of Eq. 2.12a, the terms (Ell)k’ (Elz)k’

etc.

k~th machine.

refer to the various elements in the [E] matrix of the

A similar notation (with subscript e) is used for the

[E] matrix of the equivalent machine.

The [E] matrices are

4 X 4 in order and the expressions for the elements are

given in Eq. 2.8e.

rewritten as shown in Eq. 2.12b.

p— 2 | cup— r-l e
(Ell)e(iqs)e (Elz)e(iqr)e" 1 (Ell)k(iqs)k (Elz)k(iqr)k"
(E21)e(iqs)e (E22)e(iqr)e;' 1=z (E21)k(iqs)k (E22)k(iqr)k"
1
I sl I

Equation 2.12a may be expanded and

(2.12b)

Each matrix in Eq. 2.12b is multiplied by the same

vector, hence, term-by-term comparison is possible in this

equation.

11)e (iqs)e

(E

(Elz)e (iqr)e =

(E

44)e-(idr)e

Expressions can then

[Ee] matrix

This comparison gives the results of Eq.

L (Ell)k (iqs)k

£ (Elz)k (iqr)k

I (Bggl)y (gply

from Eq. 2.12c as shown in Eq. 2.13.

2.12c.

(2.12¢c)

be obtained for the elements of the

Equations 2.11b and 2.13 give the elements of the [D]

and [E] matrices of the equivalent induction machine.

The
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(Eyp)e = F (Byply (Agg)y/(igg)e
(Ejp)e = I (Epply (g )y/(igp)e
(Egq)e E(Eggly (igp)y/(Ggple

(2.13)
values of the currents and voltages are given in Egs. 2.9
and 2.10. Equations 2.13 can be approximated in terms of
the machine KkVA loédings if it is assumed that all the
machines operate at the same power factor. This
approximation is developed in Appendix D and is given as
(Age)x/(iggle ™ (1gg)i/(Tgg)e = (KVA)L/(RVA) (2.14)

where

(kVA)k the kilovoltampere drawn by the k-th machine

(kVA)e the total kVA drawn by all machines

A similar assumption for the rotor power factors yield the
same kVA ratios given in Eq. 2.14 for the ratios of the
rotor currents in Eq. 2.13. The elements of the [Ee] matrix

may, therefore, be computed as shown in Eq. 2.15.

(Ey)g = E (Eqp)y (KVA)/(KVA),

(Ejp)g = I (Ep,)y (KVA),/(KVA)

(Egq)g = I (Egy)y (KVA),/(KVA) (2.15)

The elements of the [Ee] matrix are, therefore,

approximately equal to the weighted sums of the
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corresponding elements of the [E] matrices of the individual
machines, the weighting factors being the kilovoltamperes
drawn by the machines. 1If the machines do not operate at
the same power factor but between power factor ranges of 659
and 91%, it is shown in Appendix D that Eq. 2.15 gives
results that are within 2.5% of those obtained from Eq.
2.13. It is not necessary to use Eq. 2.15, which is only
approximate, since the more accurate Egqg. 2.13 could easily
be used. However, since it is expressed in kVAs, Eqg. 2.15
gives a more readily recognizable form for the weighting of

the elements of the [E] matrix.
D. Parameters of the equivalent induction machine

From the matrix equations of Egq. 2.8e and Eq. 2.8i,
the parameters of the induction machine may be obtained by

manipulating the elements of the matrices as shown in Egs.

2.16.
Rs' = - E21/D21 (2.16a)
R. =~ Elz/DZI (2.16b)
'er = - D11M/D21 (2.;6c)
Lss' = - E22M/E12 (2.16d)
M = the mutual inductance between

stator and the rotor circuits
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The equations for the equivalent induction machine have
the same form as the equations for a single induction
machine. Hence, Eqs. 2.16 also apply to the matrices of the
equivalent machine. The parameters of the equivalent
induction machine may be obtained by using the corresponding
elements of the [De] and [Ee] matrices in Egs. 2.16. These
equations require the value of the mutual inductance of the
equivalent induction machine. This could be determined as
outlined below.

From Eq. 2.9a, it is shown that the current drawn by
the equivalent induction machine is the sum of the currents
drawn by the individual machines. Also, thé torque
developed by the equivalent machine is shown in Section F to
be the sum of the tbrques developed by the individual
machines. The electrical torque developed by any induction

machine is shown in Appendix A to be

T = M(i

. ) (2.16e)

ds'qr = tdrlgs

The mutual inductance (Me) between the stator and the
rotor circuits of the equivalent induction machine must have
a value such that the torque developed by the equivalent

machine satisfies the total torque criterion mentioned

above. Therefore,

(T.)

e’equiv. ) (2.16f£)

=T (Tl = Me(idselqre " ldrelgse

where
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(T)

e)equiv. = electrical torque of the equivalent machine

(Te)k = electrical torque of the k-th machine
From Eq. 2.16f,

M, =(T,)

e ‘e equiv./(ldselqre - ldrelqse) (2.169)

The speed of the equivalent machine, (wr)e, may be
obtained from the equation relating the torque'and the
mechanical power output. In the steady state, the

expression for the speed is shown in Eg. 2.16h.

(w

r)e =1 (Te)k(wr)k/(Te)equiv. (2.16h)

E. The Inertia of the Equivalent Induction Machine
' and Its Mechanical Load

Associated with the rotation of each machine is some
amount of kinetic energy. For the k-th machine, this energy

is given by

Wk = Hk Sbk (2.17a)
where

Wk = kinetic energy of k-th machine

Hk = inertia of the k-th machine

Sbk = voltampere rating of the k-th machine
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The total kinetic energy ,We, of all the N machines is given
by

W =131 W_ =L H_S

e X X (2.17b)

bk

The inertia of the equivalent machine is chosen such that

total kinetic energy is conserved. Therefore,

W,=HS_  =1HS (2.17¢)

and, hence,

He =1 Hk Sk/sbe (2.174)
where

He = inertia of equivalent machine

Sbe = voltampere base of the equivalent machine

F. Mechanical Torque of the Equivalent Machine
The per unit output power of the k-th machine is
Pk = (Tm)k(wr)k (2.18)

where (Tm)k is the mechanical torque on the k-th machine and

(wr)k its speed. The total output power of all machines is
Pt = Z-Pk = I (Tm)k(wr)k (2.19)
For the equivalent machine, the power output is

P = (T )o(w,)g | (2.20a)
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where (Tm)e is the mechanical torque on the equivalent
machine and (wr)e its speed. Pe must equal Pt for

conservation of mechanical power. Therefore,
(Tple(w)e = L (Tp)p(w)y (2.20b)

The per unit speeds of the machines are usually close to
unity. To obtain an expression for (Tm)e, consider the
limiting case where (wr)k = 1.0 for all k and, hence, the
speed (wr)e of the equivalent machine is also 1.0.

Substituting these values in Eq. 2.20b gives

(Tple = & (Tp)y (2.21)

The mechanical torque equals the electrical torque in the
steady state. Therefore, Eq. 2.21 also holds for the

electrical torque of the machines.

G. Parameters of the Equivalent Mechanical Load

The torque developed by the mechanical load usually
varies with its speed. If the speed of the mechanical load
is W, the variation of torqﬁe with speed may be described

by Eq. 2.22.

= 2 B
Tm = a + bwr +cw " o+ dwr | (2.22)

Some of the coefficienté (a, b, ¢, d) but not all, could
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equal zero. If all the torque coefficients are converted to
the same KVA base (the conversion is shown in Appendix C),
then using the conservation of torque criterion developed in

Eg. 2.21, the total torque on all the machines is given by
E(T )o =% {a, + b (0_)y + co(w_)2 + d (vw_). "X} (2.23)
m’'k k k‘'r’'k k'"r’'k k''r’'k :

This total torque should equal the mechanical torque on the

equivalent machine as given in Eq. 2.24.

(Tple = 2 * bolu)g + cgl),

Be
m)e e + de(wr)e (2.24)

Term-by~-term comparison between Eq.2.23 and Egq. 2.24
yields the torque coefficients of the equivalent mechanical

load which are given in Egs. 2.25.

a_=1% a, (2.25a)
b, = £ by (v ), /(u_), (2.25b)
c, =t ck(wr)kz/(wr)ez (2.25¢)
a (e ) P =1 a0 PF (2.25d)

Equation 2.25d holds for the per unit operating speeds of
the loads. These speeds are near 1.0 per unit. Consider
the limiting case when (wr)k = 1.0 for all machines (and
loads), théﬁ the speed (wr)e of the equivalent machine (and

load) also equals 1.0. For this limit,

d, =1 4, (2.25e)
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The value of Be could then be determined from Eq. 2.25d and

the actual operating speeds to be

Be = log[: (dk/de)(wr)kﬁk]/log[(wr)e]. (2.25¢f)

H. Summary

Differential equations are written in the 0-d-g axes
for a number of induction machines connected to a common
bus. ' These equations are used to develop the eguations of
an equivalent induction machine that would represent all the
individual machines and their feeders. The parameters of
the equivalent machine are determined from its equations.

The equivalent machine draws the same amount of current
from the source as drawn by all the individual machines it
replaces. It also develops torque equal to the sum of the
torque developed by the individual machines. Furthermore,
the equivalent machine drives a mechanical load which is an
equivalent of the mechanical loads driven by the individual
machines. It delivers the same amount of power to the
equivalent mechanical load as the sum of the power delivered

by all the machines it replaces.
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III. MODEL RESPONSE AND VALIDATION
A. Introduction

A method for finding the equivalent of two or more
induction machines connected to the same bus has been
developed in the previous chapter. This method is applied
to the three induction machines shown in Fig. 3.1. The
three machines are rated at 2300 V and 800 hp, 800 hp and
1000 hp. The parameters of the machines are listed in Table
3.1. The values are in per unit on the machine kVA and
voltage bases. All feeders are assumed to have negligible

impedances.

2300 V
' M
| 1 800 hp
| 0 h
| M2 80 P
| M

| 3 ] 1000 hp

Fig. 3.1. Three induction machines connected to
a common bus
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An induction machine that is equivalent to all three
machines is fdﬁnd using the method developed in Chapter II.
Its parameters are listed in Table 3.1. The rated voltage
of the equivalent machine is chosen to be the voltage at the
common bus - 2300 V. The equivalent machine is rated at
2250 kVA, which is the sum of the kVA ratings of the three
machines. However, it may sometimes be desirable to express
the parameters of the equivalent machine on different
voltage and kVA bases (e.g., the base kVA used in a study).
In such cases, the conversion formulas shown in Appendix B
may be used. The parameters that describe the torque
developed by the mechanical loads connected to the machines
are also listed in Table 3.1.

When feeder impedances are significant, the parametetrs
computed for the equivalent induction machine will be
different from those computed by assuming negligible feeder
impedances. As an example, the parameters of these same
three machines and their equivalent when they are supplied
through feeders that have high impedances are listed in
Table 3.2. Each feeder is assumed to have an impedance of
0.01 + jO.1 per unit based on the machine voltage and kVA
bases.

In order to carry out any studies on the three
machines, it is necessary to simulate the differential

equations that describe their responses. These equations
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Table 3.1. The parameters of three induction machines and
their equivalent machine

Parameter Values
(per unit on machine base)

Equivalent
Machine 1 Machine 2 Machine 3 Machine
Rating
horsepower 800 800 1000 2600
(kva) (700) (700) (850) (2250)
Ry 0.012 0.015 0.016 0.0145
X 0.120 0.081 0.085 0.0954
R 0.010 0.011 0.010 0.0103
Xr 0.072 0.081 0.085 0.0775
X 3.200 4.070 7.634 4.4960
H 0.490 0.633 0.711 0.6180
Load coefficients
a 0.0 0.0 0.1 0.0378
b 0.1 0.1 0.3 0.1755
c 0.2 0.3 0.0 0.1556
d 0.6 0.5 0.6 0.5689
B 2.3 1.9 1.5 1.8581
Feeder

impedance o) o) 0 0
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Table 3.2. The parameters of three induction machines,
their feeders and their equivalent machine

Parameter Values
: (per unit on machine base)

Equivalent
Machine 1 Machine 2 Machine 3 Machine
Rating
horsepower 800 800 1000 - 2260
(kVAa) (700) (700) (850) . (2250)
RS 0.012 0.015 0.016 0.0245
X 0.120 0.081 0.085 0.1958
R, 0.010 0.011 0.010 0.0103
Xr 0.072 0.081 0.085 0.0779
Xm 3.200 4.070 7.634 4.5056
H 0.490 0.633 0.711 0.6180
Load coefficients
a 0.0 0.0 0.1 0.0378
b 0.1 0.1 0.3 0.1755
c 0.2 0.3 0.0 0.1556
d 0.6 0.5 0.6 0.5689
B 2.3 1.9 1.5 1.8632
Feeder

impedance 0.01+30.1 0.01+j0.1 0.01+j0.1 0.0+j0.0
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are shown in Appendix A. The equations are of fifth order.
Therefore, fifteen differential equations will be required
to fully simulate all three machines. However, if the
equivalent machine is used, only five differential equations
are required. |
B. Comparison of the Responses of Three Induction Machines
and Their Equivalent Machine to Voltage Dips

Most major disturbances that occur in electric power
systems are voltage disturbances. These are mainly due to
faults in the power system. The voltage is known to drop by
as much as 70% from its nominal value at buses near which
faults occur. To test the accuracy of the equivalent
machine, a simulation of the response of the equivalent
machine to a voltage disturbance is carried out. This is
compared with the 'actual' response of the three machines.

The 'actual' response of the three machines is obtained
by carrying out simulations on the various machines
individually and summing up the responses. For example, to
obtain the 'actual' value of the total current at any
instant of time, the instantaneous value of the current
drawn by each machine is calculated for that instant of time
and the total found as an addition of the three currents. A
fifth order model is used for each machine. For the three
machines studied, this requires the simulation of fifteen

differential equations.
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A 70% voltage dip that lasts for 0.1 seconds is
introduced as a disturbance at the common bus of the three
machines shown in Fig. 3.1. The sum of the responses of the
three machines is simulated and compared with the simulation
results from the equivalent machine when it is subjected to
the same voltage disturbance. The variations of three
quantities, namely, the active power, the reactive power and
the total current in the three machines are compared with
the variations of these gquantities in the equivalent
machine.

Figures 3.2 - 3.5 show the comparison of the responses.
In Fig. 3.2 for example, the power drawn by each of the
three machines during the transients is individually
computed. The total power consumed is then found as the sum
of the power consumed by the three machines. This sum is
assumed to be the true value of the power variations. The
variations in the power drawn by the equivalent machine are
also plotted alongside for the comparison. The two graphs
are practically coincident. Similar additions and
comparisons are made for the reactive power and currents.

These comparisonsAare depicted in Figs. 3.4 and 3.5.
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C. Comparison of the Responses of Three Induction Machines
and Their Equivalent Machine to Frequency Deviations

Most electric power systems are interconnected with
other power systems. The increase in size of the resulting
system and the governors on the generators prevent the whole
system from suddenly speeding up or slowing down beyond
certain limits during disturbances. Therefore, the
frequency of most power systems changes very little from its
nominal value. In most power systems, the frequency changes
by less than two percent (i.e. 1.2 Hz in a 60-Hz system)
during faults or other major disturbances.

The variations in the current and power drawn by the
three machines caused by abrupt changes in frequency are
compared in Figs. 3.6 - 3.9. The frequency is changed in
two steps from its nominal value of 60 Hz to 59 Hz and then
back to 60 Hz. It is then increased to 61 Hz in two steps
and restored to 60 Hz again after some further variations.
Figure 3.6 shows the frequency deviations applied to the
machines. The comparison is again between the equivalent

machine and the three machines described in Table 3.1.
D. Analysis of Results

From the graphs of the simulation results shown in
Figs. 3.3 - 3.9, it could be seen that the equivalent

machine accurately predicts the net effect of all the
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machines it replaces. For voltage and frequency
disturbances, the equivalent machine has been found to
closely follow all the variations in the net values of the
active power, the reactive power and the current drawn by
the machines.

Following the disturbances, the induction machines show
transient responses that clearly indicate the presence of
more than one transient phenomenon. There are the stator
electrical transients which occur at or near the supply
frequency. These transients are superimposed on another
mode of transient oscillations called the dynamics. These
dynamic oscillations are the average exchanges of energy
between the machines and the supply bus. The oscillations
occur at frequencies much lower than the frequency of the
supply. These oscillations show as variations in the
average values of the current, active and reactive power
drawn by the machines.

The frequency of the dynamics in each machine listed in
Table 3.1 is around 6.0 Hz. This frequency is not the same
for all machines but depends mainly on the machine
parameters and the operating conditions. The total inertia
of the machine and its mechanical load appears to have the
greatest effect on the frequency of the dynamics. Figure

3.10 illustrates the relationship between the dynamics and
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the stator electrical transients in the active power drawn
by an induction machine.

The voltage disturbance used in the simulations
produces more variations on the power oscillations than that
produced by the frequency disturbances. The magnitudes of
the disturbances are chosen to be close to values that might
occur in practice. Voltages might change drastically during
faults in power systems, but the frequency does not change
very much in interconnected systems. The voltage
disturbance used is 70% of the nominal value but the

frequency disturbance is less than 2% of the nominal value.
E. Summary

The results of the simulations shown in this chapter
clearly demonstrate the accuracy of the eqguivalent machine.
Simulations are done for transients caused by voltage and
frequency disturbances in three induction machines and their
equivalent machine. The equivalent machine has been found
to accurately predict the variations of the current, active
and reactive power in both the steady state and during
transients.

The two.main components of the transient response that
are of interest are the stator electrical transients and the
machine dynamics. As shown by the results of the

simulation, the equivalent machine clearly predicts both.
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The simulations show that the dynamics, which are
oscillations of energy bétween the machines and the power
system, occur at frequencies much lower than the supply
frequency.

The parameters and characteristics of induction
machines found in power systems vary widely. When machines
of similar characteristics are grouped together, the
equivalent predicts the variations in the total power and
Acurrent better than when machines of widely different
characteristics are grouped together. Chapter IV discusses
this in more detail and suggests two criteria for reducing

any inaccuracies that might occur in grouping machines.
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IV. CRITERIA FOR GROUPING OF MACHINES
A. Introduction

The response of an induction machine to power system
disturbances depends on the machine parameters, the
operating conditions and the inertia of the machine and its
connected mechanical load. The response includes electrical
transients in both the stator and the rotor, oscillations of
energy between the machine and the power system, and
mechanical oscillations of the rotor around the steady state
speed. In general, the electrical and mechanical transients
in big induction machines last longer than those in small
machines.

The energy oscillations that occur between a machine
and the power system are called the dynamics of the machine.
The frequencies of these oscillations are much lower than
the frequency of the power system. In 60-Hz power systems,
most induction machines experience these dynamic
oscillations at frequencies between 3 Hz and 15 Hz. Small
machines exhibit the higher frequencies.

It is conceivable that the induction machines in any
.power systeﬁ would not all be operating at the same level of
loading. Some may be fully loaded while others may be
partially loaded or unloaded. The response of any induction

machine to system disturbances is partly governed by its
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loading level. This also determines the contribution of
that machine to an equivalent machine when it is grouped

together with other machines.
B. Development of Grouping Criteria

If the frequencies of the dynamics in any two machines
are not exactly equal, there will be a phase difference in
the oscillations of the average power and currents drawn by
these machines during transients. This means that there may
be times when one machine would be taking more power from
the system than it did in the steady state while the other
is rejecting power into the system. An equivalent machine
that would represent these two machines would give an
4average of these two conditions. It has beeh found that
this average does not always represent the instantaneous
values of the total power transfer between the system and
any two machines during the transient period.

The equivalent machine would have only one frequency at
which it experiences power oscillations. This frequency is
some weighted average of the frequencies of the machines it
replaces and may be different from that of any of the
original machines. These differences in frequency cause
phase differences between the values calculated for the
power oscillations using the equivalent machine and the

actual values.
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Differences in phase imply that the equivalent machine
would predict the peaks and valleys of the power
oscillations to occur at different instances of time than
actually expefienced. This may introduce inaccuracies in
the response of the equivalent machine. To minimize these
inaccuracies in grouping two or more machines into an
equivalent, it is desirable that the frequencies of power

voééillation for the machines be close. |

If two power oscillations of different frequencies
proceed, the phase separation between them will increase
with time. Assuming that the oscillations start in phase at
the onset, the phase angle will eventually reach a point
where the two oscillations are exactly out of phase. At
this point, there will be a greater percentage error in
assuming the resultant power to be in phase with any one of
the oscillations.

In order to minimize any inaccuracies in grouping
machines into equivalents, only those machines whose
oscillations are greatly attenuated before reaching the
point of 180° phase separation are suggested to be included
in each group. (As will be shown shortly, this is not a
major problém because most industrial induction machines can
be combined into only three different groups.) It is

therefore necessary to have some knowledge of the
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frequencies and the durations of these oscillations before
attempting to group any number of machines together.

The equations that describe the responses of induction
machines to voltage, frequency and load disturbances are
nonlinear. By linearizing them about the machine operating
points, information about the frequencies of oscillation and
the durations of these oscillations could be obtained from
the eigenvalues of the linearized equations.

A fifth order model for the induction machine would
give five eigenvalues [28, 38], four of which are complex.
The four occur as two pairs of complex conjugates. The last
one is only real. The first pair of complex eigenvalues
describe the electrical transients in the stator. The
magnitude of the imaginary parts of this pair of complex
eigenvalues is very close to the angular frequency of the
power system. A second pair of complex eigenvalues
describes the oscillations of energy between the machine and
the power system. These oscillations are known as the
machine dynamics. The real parts of these eigenvalues
represent the attenuation of the oscillations and the
imaginary parts denote the frequencies. The fifth
eigenvalue is only real and it represents the first order
inertial response of the machine.

In general, the duration of any of these transient

phenomena depends on the damping associated with it.
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Eigenvalues have been calculated for the the range of
induction machines commonly found in practice. (An example
of these is shown in Table 4.3.) They predict different
attenuations (a measure of damping) and frequencies of
oscillation. These different frequencies suggest that it
would be necessary to use more than one equivalent machine
at load buses where many different types of induction
machines are connected.

A mathematical derivation of the criterion for dgrouping
induction machines is given shortly. In the formulation of
the criterion, it is assumed that the oscillations are in
phase at the onset of the transients. The basis for the
derivation is that by the time the phase separation reaches
180° the amplitude of one oscillation is reduced to at
least one percent of its original value.

Since the eigenvalues of the linearized equations
predict the frequency and attenuation of the power
oscillations, the eigenvalues are employed in the
development of the criterion. This assumes that the
predicted values of the frequency and attenuation, which are
correct for small disturbances, would be almost equal to the -
values expefienced during large disturbances. The

eigenvalues of the machines could be obtained a priori since
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it only requires the knowledge of the machine parameters,
the load parameters (or the loading level) and the operating
voltage.

To determine whether two machines are compatible
candidates for grouping, it is necessary to examine their
eigenvalues that correspond to the dynamics. Consider two
induction machines that exhibit different responses to power
system disturbances. Let the two pairs of eigenvalues (kl,

xz) that correspond to the dynamics in the two machines be

given by
Xl = -a, + jwl (4.1a)
xz = -a, + jwz (4.1b)
where

@y = attenuation constant of the dynamics
of machine 1
= attenuation constant of the dynamics
of machine 2
wy = angular frequency of the dynamics
of machine 1
wy = angular frequency of the dynamics

of machine 2

The dynamic responses of the two machines to a small

disturbance are given by

fl(t) = Al exp (-alt + jwlt) (4.2a)
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£,(£) = A, exp (-u,t * ju,t) (4.2b)

2
where
fl(t)’ fz(t) refer to the instantaneous values of
the power or the current
2 refer ﬁo the initial amplitudes of the

A A

ll

power or the current

At the time (tl) when the two oscillations are 180° out

of phase

(w1 - wz) tl i (4.3a)

hence t1 = 'n/(w1 - wz) (4.3Db)

At this time, the amplitude of the response is

£(ty) = A exp (-at;) (4.3c)

where £, A and o« in Eq. 4.3c may refer to either of the two
machines.
If the ratio of the amplitude at this time to the

initial amplitude is m, then

m = A exp (-atl)/A

exp (-atl)

exp (-am/(u; = w,)) | (4.4)

Therefore,

o = [ln(l/m)](w1 - wz)/ﬂ (4.5)
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If the ratio m=0.0l1, which corresponds to 99%
attenuation before 180° phase separation, then from Eg. 4.5

the minimum value of the attenuation constant should be

o = [ln(lOO)](wl - wz)/ﬂ

1.47 (uq = uy) (4.6)

According to Eq. 4.6, if two machines are candidates
for the same group, the attenuation constant of at least one
machine should be greater than 1.47 times the difference in
their angular frequencies. This is the first grouping
criterion.

As an example, the eigenvalues of three machines whose

parameters are givén in Table 3.1 are listed in Table 4.1.
The first pair of eigenvalues corresponds to the electrical
transients in the stator circuit. Their imaginary parts are
almost equal to the angular frequency of the power supply
(377 rad/sec for a 60-Hz power system). These transients
are almost in phase in all machines and, therefore, do not
cause appreciable phase differences. The main eigenvalues
of interest are those that correspond to the dynamics.
These are denoted by X3,4 in Table 4.1. Examination of
these eigenQalues reveal that all three machines satisfy the
condition of Eq. 4.6.

The minimum value of a is obtained by using the largest

difference in the frequencies of oscillation of any two
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Table 4.1. Eigenvalues of the machines in Fig. 3.1
(the parameters are given in Table 3.1)

Equivalent
Machine 1 Machine 2 Machine 3 Machine
Rating
hp 800 800 1000 2600
(kVA) (707.5) (707.5) (850.0) (1000.0)

Xl 2 -23.9+j375.8 =~35.6+j374.7 -35.9+j374.9 -33.4+j375.1
A

34 -10.3+xj 41.4 +-13.2%j 39.5 -11.5%j 36.6 -11.3%3j39.1

XS -19.2 -24.7 -21.2 -21.2
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machines in Eq. 4.6. This corresponds to machines 1 and 3

in Table 4.1 and gives
¢ = 1.47 (41.4 - 36.5) = 7.2

This minimum attenuation is satisfied for all the machines
as can be seen from the eigenvalues listed.in Table 4.1
(where the minimum attenuation constant is 10.3).

Inaccuracies may also arise if the durations of the
transients experienced by the machines in any group are not
of the same order. These will occur mainly during the
mechanical transient period. 1In order to reduce these
inaccuracies in grouping of machines for studies during this
transient period, it is necessary to determine how close the
durations of the transients should be so that an equivalent
machine would give practically the same results as would be
obfained when all machines in the group are individually
modeled.

If the transients in some machines last much longer
than in the other machines, the response of a single
equivalent machine may not be accurate for the whole time
interval that the transients last. It will be accurate at
the start of the transients when the rotors of all machines
are experiencing mechanical oscillations and at the end of

the transients when most rotor oscillations have ceased.
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During the time interval in between, when the power
oscillations in Qarious machines begin to cease, the
equivalent machine would not give accurate results. This is
because the machines come to steady state at different
times, and these settling times of the individual machines
are not explicitly represented in the equivalent machine.

In fact, the equivalent machine has its own settling time
which is a weighted mean of those of the individual
machines.

From results of various simulations, it has been found
that a great degree of accuracy could be obtained when
machines of comparable damping ratios are grouped together.
The attenuation constants are used in determining these
damping ratios. It has been determined that machines having
attenuation constant ratios of less than 3 to 1 give
acceptable results when grouped together into an equivalent.

Equation 4.7 gives this ratio for any two machines.
1/3 < ul/a2 < 3 (4.7)

This is the second criterion for grouping induction
machines. Equations 4.6 and 4.7 constitute the grouping
criteria. Any two machines whose eigenvalues satisfy these

criteria could be included in the same group.



67
C. Analysis of the Grouping Criteria

Figures 4.1 - 4.4 illustrate the necessity of the
grouping criteria developed in this chapter. Six induction
machines, whose parameters are given in Table 4.2, are
considered. The responses of all six machines to a voltage
~disturbance are calculated and added together. The response
of a one-machine equivalent is compared with'it in Figs. 4.2
- 4.4, It is clear from the figure that the one-machine
equivalent is accurate both at the beginning of the
transients and in the steady state.

The eigenvalues of the machines are listed in Table
4.2. Thg second pair of complex eigenvalues listed for each
machine in Table 4.2 correspond to the dynamics of the
machine. Examination of these eigenvalues reveals that the
criteria of Eq. 4.6 and Egq. 4.7 are not satisfied if all the
six machines are considered together.

From the grouping criteria of Eg. 4.6 and Eq. 4.7, two
equivalent machines would be required to represent all six
machines for any studies that require accurate knowledge of
the response of the machines during the whole period of the
disturbance. The first three machines in Table 4.2 satisfy
these criteria and would be put in one group. The last
three also combine into another equivalent machine. The sum
of the responses of the two equivalent machines are compared

with that of the six machines in Figs. 4.5 - 4.7. The same
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Table 4.2. Parameters of six induction machines and loads
and their corresponding eigenvalues when
operated at 1.0 per unit voltage?

. Machine Parameters Load Eigen-

Machine (per unit) Parameters Values

Rs X Rr X Xm H d B
-22.7+3375.5
1 .013 .13 .015 .09 .0 .31 .98 2.0 =-13.9+j 48.1
-24.2
-29.8+£3374.0
2 .014 .10 .018 .08 .7 .35 .94 2.3 =20.1l%j 49.2
-36.0
~29.1+3374.2
3 .016 .13 .020 .08 .8 .40 .85 1.7 =19.6+j 41.6
: -33.8
-28.2+j376.1
4 .020 .20 .009 .07 .1 .59 .97 1.1 - 7.3%j 30.4
-11.5
-34.5+3j375.7
5 .019 .15 .008 .06 5 .71 .92 1.8 - 7.6%j 31.9
-13.9
-31.8+j375.7
6 .020 .17 .010 .07 .0 .63 .88 2.1 - 8.7+j 31.7
-15.0

Same.

AThe kVA rating of each machine is assumed to be the
The load parameters a, b and ¢ are 0 for each load.
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voltage disturbance is applied in both cases. From this
comparison, it is clear that Egq. 4.6 and Eq. 4.7 provide a
method to insure that the equivalent machine would give good
results during the entire period following the disturbance.

Even though the criteria developed for grouping the
machines seem to be rather striﬁgent, only a few equivalent
machines would be needed to represent the whole range of
induction machines found in power systems. To illustrate
this; the eigenvalues of a number of machines of different
ratings [28, 38] are computed and listed in Table 4.3. Each
machine is assumed to be operating at full load and driving
a mechanical load whose inertia is equal to that of the
machine.

The eigenvalues listed in Table 4.3 suggest that most
small machines (e.g. machines of rating 100 hp and less) may
be grouped into one equivalent. The medium size machines
(e.g. machines of rating between 100 hp and 2250 hp) would
also form another equivalent. The very big machines (e.qg.
the one rated 6000 hp) may not fit into any group and may

have to be modeled separately.
D. Summary

During power system disturbances, energy oscillations
occur between the induction machines and the power system.

These oscillations have different frequencies for different
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Table 4.3. Eigenvalues of typical induction machines

Eigenvalues

Machine Rating Corresponding
- (horsepower) to the Dynamics
3 -221.8 = j80.1

25 -185.1 + j62.5

50 -142.0 + j38.8

100 -170.0 + j35.9
250 - 16.9 + j35.7
500 - 15.6 + j4l1l.4
800 - 12.9 % j39.4
1000 - 12.1 + j36.4
1500 - 9.5 % j38.2
2250 - 9.4 + j4l1.6
6000 | - 7.2 + j19.5
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machines. Only machines whose oscillations are almost in
phase may be combined into one equivalent. 1In addition, the
duration of the transient phenomena in all machines in one
group must not be too different. Satisfactory criteria that
machines should meet to be combined into a single equivalent
are given in Eg. 4.6 and Egq. 4.7. These criteria limit the
error in the grouping to a very small value.

More than one equivalent machine may have to be used to
represent a large number of different induction machines in
order to achieve good accuracy for the entire period
following a disturbance. Using only one equivalent machine
to represent a very large group of induction machines with
different characteristics would give accurate results only
for the first few cycles and the last few cycles of the
transient period and thereafter. For the intervening time
interval, inaccuracies may arise due to either phase
differences in the energy oscillations experienced by the
different machines, or due to the different settling times

of the transients in the different machines.
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V. MODEL APPLICATIONS
A. Introduction

The method developed in Chapter II and Chapter IV for
grouping a number of induction machines into equivalent
machines could be used to model loads for power system
analyses. In any steady state analysis (like loadflows),
all the induction machines at any load bus could be grouped
into a single~unit equivalent and placed at that bus. This
would be accurate because a single-unit equivalent has been
found to accurately predict the steady state power drawn by
any group of induction machines. For modeling the induction
machine loads in the dynamic state (as in a transient
stability study), all the induction machine loads could be
grouped together into a few equivalent machines at the load
buses. Simulating the active and reactive power absorbed by
these equivalent machines during transients would require
the solution of only a few equations.

When an induction machine is considered as a load in
the dynamic state, the average variations in the active and
the reactive power are the main quantities of interest. The
hiéh frequency (e.g., 60~Hz) electrical transients in these
quantities could be suppressed in simulating the machine

equations. References 28 and 38 show methods which solve
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only three differential equations for each induction machine
thus supressing the high frequency electrical transients.

Since only one, two or three equivalent machines would
be required to represent all induction machines at each load
bus, the total number of differential equations that must be
solved for the load will not be more than nine. This is
comparable to the number of equations used for synchronous
generators and their exciters. When generators are modeled
in detail, as many as eight differential equations may be
reguired to represent them and their excitation systems.
Representing induction machine loads by a few equations
would not increase the order of the system of equations in a
power system study beyond bounds.

B. An Example of Modeling Load Dynamics in a
Transient Stability Study

The method proposed in this dissertation is employed to
find equivalent induction machines that are used as loads at
three load buses in the test power system shown in Fig. 5.1.
The test system is the WSCC 9-bus, three-generator system
[4). The active power consumed by the load at bus 5 is 125
MW. At bus 6 it is 90 MW and at bus 8, the load draws 100
MW. Thirty-one percent (or 39 MW) of the power at bus 5 is
assumed to be consumed by induction machines. At bus 6, 41Y%

(or 37 MW) of the load is assumed to be induction machines
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and at bus 8, it is assumed to be 329% (or 32 MW). The rest
of the loads are assumed to be constant impedances.

A number of 30-hp and 100-hp induction machines are
grouped together to obtain the equivalent machines needed
for the load buses. Enough of these induction machines are
used at each load bus to consume the total active power that
is assumed to be drawn by induction machine loads. Because
the 30-hp and 100-hp machines satisfy the grouping criteria
of Chapter IV, only one equivalent machine is computed for
each load bus. The parameters of these equivalent machines
are listed in Table 5.1.

For the active and reactive power variations at the
load buses, a single set of third order differential
equations are solved for each equivalent machine. A total
of nine differential equations are required for the loads at
the three buses. This compares favorably with twenty=-four
differential equations used for the three generators and
their excitation systems.

As a disturbance in the system, a three phase fault is
applied at bus 7 for three cycles and then removed. The
postfault configuration of the system is the same as the
prefault configuration. No lines are switched in clearing
the fault.

For comparison, the simulation is performed for three

cases. One includes the equivalent machines described
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Table 5.1. Parameters of the egquivalent induction machines?

Parameters Values
(Per Unit on Machine Base)
Bus 5 Bus 6 Bus 8
Rating 39 37 32
{MVAa)
Rs .0156 .0242 .0189
xS .0782 .1212 ) .0947
Rr .0094 .0146 .0114
Xr .1710 .2650 .2070
xm 3.0400 4.7120 3.6810
H .4200 .2700 . 3470

4The load torque on each machine is assumed to be given
by T = 1.0 w2.

earlier as part of the load. The others use 100% constant
current or 100% constant impedance loads at all load buses.
The active and the reactive power variations at bus 5 have
been plotted in Fig. 5.2 and Fig. 5.3 for the three cases.
The relative rotor angles of the generators in Fig. 5.1 are

also plotted for the three cases and are shown in Fig. 5.4.
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C. Analysis of Simulation Results

From the results of the transient stability study, the
load shows significant dynamics following the disturbance
when induction machines are included in the load model.
This may be seen in Fig. 5.2 and Fig. 5.3, where both the
active and the reactive power show peaks that correspond to
the dynamics in these quantities. The constant current or
constant impedance load models do not show the same dynamic
behavior. As may be observed from Fig. 5.4, modeling the
load dynamics gives relative swing angles of the generators
that are different from those obtained by using static load
models.

Since it has been determined [14, 22] in practice that
loads exhibit dynamic behavior especially following power
system disturbances, it would be appropriate to represent
the dynamics in any power system study where the response of
the load is important. This means that induction machines,
which make up more than half of most loads, should be
represented in the load model as machines and not as static
loads. The method proposed and illustrated in this

dissertation would do this.
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D. Summary

The application of the method of grouping induction
machines to obtain an equivalent induction machine for
modeling part of the load has been demonstrated. The
equivalents determined for three groups of induction
machines are used in a t;ansient stability study to
demonstrate the dynamic behavior of the load. When
induction machines are modeled, the loads showed significant
dynamics following disturbances.

Practical measurements [14, 22] reveal that power
system loads exhibit significant dynamics. It may be
important to model these dynamics in studies where knowledge
of the load behavior during the transient period is required
or where the load model affects the results significantly.

Only three differential equations need to be solved to
obtain the average power variations to each equivalent
induction machine load during power system disturbances.
This is advantageous especially if more than one equivalent
induction machine must be used at a load bus. However, not
more than three equivalent machines may be required to
represent the induction machines at most load buses in power
-systems. Therefore, using this method will not cause the
number of equations to be solved in any study to increase

beyond bounds.
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VI. CONCLUSIONS
A. Summary of Research Findings

Some analyses of electric power systems require
knowledge of the behavior of the loads in the system.
Therefore, different load models have been proposed and used
for power system studies. 1In some studies, the results
obtained are very sensitive to the model used for the load.
In order to reduce the uncertainties in the results of such
studies, accurate load models have.been sought.

The most widely used models for power system loads are
the constant current, constant impedance and constant MVA
representationé and various combinations thereof. All these
are classified as static models because they do not include
any inertial effects. Stafic models do not, in general,
predict the oscillations of energy that are usually observed
between the load and the power systém following system or
load disturbances. These oscillations of energy, or the
dynamics as they are called, are mainly due to the induction
machines, which make up more than 60% of most 1oéds. The
static load models are therefore not adequate for modeling
these effects.

The induction machines encountered in power systems are
nonhomogeneous. They have different ratings and

characteristics and they drive different types of loads. It
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is impractical to use a full representation of each
individual induction machine in studies involving more than
a few machines. Therefore, it is desirable to find methods
that do not require full representation of all the
individual induction machines in the power system. This
dissertation has suggested a method by which this could be
done.

The proposed method computes the parameters of an
equivalent inductipn machine that would represent a large
number of induction machines (and their feeders) connected
to a common bus. The active power drawn by the equivalent
machine equals the sum of the active'power drawn by all the
machines it replaces. Similarly, the reactive power (or the
current) drawn by the equivalent machine equals the total
reactive power (or the total current) drawn by the
individual machines. The equivalent machine also delivers
power to an equivalent mechanical load that equals the sum
of the power delivered by all the individual machines to
their mechanical loads.

It is possible to combine all the induction machines at
any load bus into a single induction machine. However, such
a machine may not accurately predict the net behavior of a
diversified assortment of induction machines during
transients. Following a disturbance at a load bus, a one-

unit equivalent machine has been found to adequately
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describe the net behavior of all machines only at the start
of the dynamics.and in the steady state. In the period
between the onset of the dynamics and the steady state, a
one~unit equivalent deviates from predicting the aggregate
behavior of some combinations of induction machines
connected to the same bus. This is especially so when
machines that respond very differently to system
disturbances are grouped into a single unit.

The frequency of the dynamics experienced by induction
machines vary from one machine to another. They depend
especially on the machine size, and the its total inertia.
Similarly, the duration of the dynamics also depend on the
machine size and parameters. It has been found that, due to
differences in the frequency and the duration of the
dynamics, lumping all induction machines into one equivalent
may not give results that match the actual results obtained
from modeling all machines individually. Two criteria for
deciding which machines could be grouped together to achieve
acceptable error levels in the equivalent during the
tranéient period have been developed.

An éxample that uses the proposed grouping method to
rebresent a large number of induction machineé by an
equivalent induction machine at a load bus for a transient
stability study has also been included in this research.

The example is. done on the WSCC 9-bus power system. The
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results of the example clearly demonstrate the dynamic
behavior of the loads following power system disturbances.
No dynamic behavior is observed when constant current or
constant impedance loads are used in a similar example.

Only a single set of third order differential equations need
to be solved for each equivalent machine to obtain the
average power variations to the induction machine loads
during power system disturbances. This is advantageous
especially when more than one equivalent induction machine
must be used at a load bus.

The method developed in this research requires
knowledge about the induction machines to be grouped
together. 1In practice, the parameters and operating
conditions of all machines at any load bﬁs may not be known.
A statistical method for obtaining equivalent induction
machines at load buses in practical power systems is
suggested in the following section.

B. Suggestions for Obtaining Equivalent Induction Machines
for Practical Power System Load Buses

The method presented so far assumes that the parameters
of the induction machines, feéders, and the mechanical loads
at all load buses are known. In practice, these parameters
are not known. It may, therefore, be necessary to use some
estimated values for the induction machine and load

parameters. The following procedure for obtaining estimates
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of these parameters is being suggested for practical power

systems.

1.

The range of induction machines commonly found in

power systems should be divided into classes

based on their ratings. Representative machines

and mechanical loads should be determined for
each class. The determination of the parameters
could be done theoretically by grouping large
numbers of different machines in each class,
including their feeders and mechanical loads,
into equivalents and scaling down the rating of
the equivalent to the rating of the class being
considered. These representative induction
machines would fairly accurately describe the
aggregate behavior of a large number of induction
machines in that particular class.

By using load surveys or market data on the
number of equipment sold that have induction
machines, an estimate of the number of induction
machines (and their classes) in a residential or
commercial load area could be obtained. As an
example, consider one such type of equipment,
say, washers. The number of washers in the load
area could be estimated from the load survey.

The utilization factors for washers at any time
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of the day should be known or determined.
Multiplying the estimated number of washers and
the utilization factors would give an estimate of
the actual number of washers in use at a
particular time. The class of machines in
washers should be known or determined. The
paraheters of the representative machine in this
class may be used for the machine in each washer.
The equivalent for all the induction machines in
the washers could then be found. .This procedure
may be repeated for other types of equipment and
their corresponding equivalent induction machines
also found. The equivalent machines for all the
different types of equipment connected to the bus
may then be grouped together into a few
equivalents at the load bus.

For industrial areas, where there are bigger and
more specialized induction machines, the total
power consumed by all the induction machine loads
may be estimated as a fraction of the total power
drawn by all loads in the area. The power drawn
by the different classes of machines at any time
of the day should be determined from a load
survey. This should be expressed as a percentage

of the total induction machine load. At any
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other time, the power drawn by the induction
machines in any particular class could then be
estimated from the percentage determined for it.
A number of representative induction machines of
this class may be used together at the bus to
consume the same amount of power that is
estimated for this class.  This procedure should
be carried out for all the classes of machines
present. The equivalent machines for all the

- classes may then be grouped into a few egquivalent
machines at the load bus using the grouping
criteria.

If there are any special machines (e.qg.,
very large machines) at a load bus whose
parameters and operating conditions are known,
they may be treated separately. The active power
drawn by such machines should be deducted from
the total active power drawn by all induction
machines at the load bus before the equivalent
machines are determined. If these special
machines are compatible with any other class of
machines at the bus, they may be grouped together
into the equivalent of that class. Otherwise,

they should be modeled separately.
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IX. APPENDIX A: THE EQUATIONS OF A SYMMETRICAL
INDUCTION MACHINE
To simplify the derivation of the induction machine
equations, it is assumed that:

1. The magnetic circuits of both the rotor and
stator are linear. Hysteresis and eddy currents
are neglected.

2. The induction machine is radially symmetrical,
the self-inductance of the windings are not
dependent on the rotor angular position. All
stator phase circuits ére identical. The rotor
phase circuits are also identical.

3. The applied voltage is balanced and sinusoidal.

The voltage on an induction machine is related to the

currents in the machine by Eq. 9.1.

[V]gpe = (Rl [1] 4 * PULR] (3]} (9.1a)
where
[v] = [v v v v V. \'4 ]T (9.1a)
abc as bs cs ar br cr ‘
. s . . . T
[l]abc - [las s lcs tar lpr lcr] (9.1b)
Rs- o
[R] = = diag(R; R, R, R. R. R.) ,
0] Rr (9.1¢)
Rs = resistance of stator circuit
R_ = resistance of rotor circuit



The subscripts a, b and ¢ refer to the phases,

subscript s refers to the stator,

the rotor.

ss
(2] =

sr
aas
L

bas

cas

L
ar-as

Lbr-as-

L
cr-as

sSr

rr
abs
bbs

chs

Lar-bs
Lor-bs

Lcr-bs
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acs
bcs

L
ccs

Lar-cs
Lbr-cs

Lcr-cs

For symmetrical machines,

Laar = Lbbs = Lccs
Laar = Lbbs = Scer
Labs = Lacs = Lbas
Labr = Lacr = Lbar
Las-ar = Lbr-br =
Las-cr = Lbs-ar =
Las-br = Lbs-cr =

where

Lcs-cr
Lcs-br

Lcs-ar

i
£

= T, =

L
L

S

S

and subscript r refers to

as-ar
L
bs-ar

L -
cs=ar

Laar
Lbar

L
car

= L
cas

=L
car

r cos(6r)

r

r

cbs

cbr

Las-br

Lpsebr
Lcs-br
Labr

Lybr

chr

Lsm

mnr

cos(8r-27n/3)

cos(06r+2w/3)

(9.1d)

—

Lcs-cr
Lbs-cr
Lcs-cr
Lacr

Lbcr

Lccr

(9.1e)

(9.1£)
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8r is defined in Eq. 9.2f and figure 9.1

as is the self-inductance of stator phase winding

a
aar is the self~inductance of rotor phase circuit
s is the mutual inductance between stator phase windings

L
L
L m
Lmr is the mutual inductance between rotor phase circuits
L

sr is the mutual inductance between rotor and stator circuits

Figure 9.1 The relationship between the axes of the
induction machine

Equations 9.1 are in the a-b«c phase variables. These
can be greatly simplified if they are transformed into the
zero, direct and quadrature axes by the well-known Park's

transformation. Eg. 9.2a shows the transformation.
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[P] [Vlge = [P] [R] [l *+ [P] PLIR] [i],

where
p = d/4dt
Pe 0
[P] =
0 PB
1/v/2 1/V2
[PB] = V2/3 cosh cos(0-27/3)
sinb sin(8-2%/3)
1/V2 1//2
[PB] = v2/3 cosf cos(B=-271/3)
sinB sin(f-21/3)
8 =06r + B
0r = w_t
6 = wt

€
]

speed of reference frame

€
il

speed of rotor

In Eg. 9.2a, let

[2) [i) e = [M) pe

[Mogg = [B1 [Mgpe = [B] [#] [4]

abc

c} (9.2a)

(9.2b)

(9.2¢)

1/v2
cos(0+271/3)
sin(06+2m/3)
(9.24)

1/V2
cos(B+21/3)
sin(f+27/3)

(9.2e)

(9.2£)

(9.3a)
(9.3b)
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(9.3c5

[Vipgg = [B1 [V]gpe
[1lggq = [P} [1ilgpe (9.3d)
Therefore,
. _ -1 . _ .
[P] [R] [ilg,. = [P] [R] [P]77 [ilg4, = [R] [ilggq
(9.3e)
[P pLIR] [i],.) = [P] pOIN] ) (9.3f)
From Egq. 9.3b,
PIMggq = PUIEIY Mo + [B1 PO g ) (9.39)
Therefore,
- -1
[B] PN pe = P[Mggq = PUPRIY [PI77 [Mogq (9.3h)
— o -
wkqs
-wxds
=Plroaqg * 0
(w-wr)xqr
-(w-wr)xdn_ (9.31)
= PlMpgq * [Velggg (9.33)
where
w = pb
w=w,, = pB (9.3k)
[(Vologq = [0 @y -wdgg O (w=w ), -(wmu )y 1T
(9.31)

Also, from Eg. 9.3b,

[Mogg = [P1 18] [B17F [il5g0 = [Logq] 1ilogq (9.3m)
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- -1
[Loggl = [B1 [2] [P]
LS-ZLsm 0 0] 0 0 o0
0 Ls+Lsm ;Q 0] 3/2Lsr 0
0 0 LS+Lsm o} o . 3/2Lsr
= 0 0 0 Lr-2Lmr 0 0
0 3/2Lsr 0 0 Lr+Lmr 0
0 0 3/2Lsr 0 0 Lr/Lmr
(9.3n)
Substituting Eg. 9.3 in Egq. 9.2 gives
Voo| [Re*Loep O 0 0 0 0 10;]
Vis 0 RS+LSSp sts o Mp wM 144l
vqs 0 -sts Rs+Lssp 0 -wM -Mp 1qSI
Vor| = 0] 0 0 Rr+L0rp 0 0] iOr
Var 0 Mp (w-wr)M o Rr+erp ~(w—wr)er i4p
Lyqr i 0o -(w-wr)M Mp 0o -(w-wr)er Rr+erp qur
(9.30)
Equation 9.3p0 may be written as Eg. 9.4.
[V]Odq = [R] [1]Odq + [LOdq] Plilggq * [Vw]Odq (9.4)
From Egq. 9.4,
. - -1 -1 . . _
Plilogg = [Loaql ~ [Vlpagq * [Toaq) = ("IR1ilggq=[Velggy

(9.5)
Substituting the expressions for [Vw]Odq from Eq. 9.31

into Eq. 9.5 gives
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Plilogqg = [Dgl [Vlggq * [Eg] [ilggg (9.6a)
where
_ -1
[De]l = [L] 0dg (9.6b)
— -
R 0 0 0 0 o
s
0] Rs sts 0 0 wM
0] -wLSS Rs 0] -wM 0
- -1
[Egl = (L1 To4q |O 0 o R, 0 0
0 0 (w-wr)M 0 Rr (w-wr)er
L? -(w—wr)M 0 0 -(w-wr)er Rr
' (9.6c)
and
L =L + L
ss s sm
rr Lr * Lmr
M = 3/2 Lsr (9.64)

The zero sequence quantities are zero if the machine is
symmetrical and the three-phase voltage is balanced. The
zero sequence quantities can be neglected in the analysis.

Neglecting zero sequence quantities in Eq. 9.6c¢ and

rearranging the equations gives

pli} = [D] [v] + [E] [i] (9.7a)
where

(1] = ligg igy 1igg ig 17 (9.7b)

(V] = [Vge Vgr Vas Vagpl® | (9.7¢)

For singly-fed induction machines,
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Vgr = Var = O (9.7d)

The [D] and [E] matrices are given in Eqg. 9.7e and Eq. 9.7f.

In the steady state, the power input into the machine

is given by Eg. 9.8a.

Pin ~© Vqslqs * Vaslas (9.8a)
The reactive power input is also given by Eq. 9.8b.
9n T Vdas'qs T Vgs'ds (9.8b)

Substituting for vqs and Vds from Eq. 9.3p in Eg. 9.8a gives

Pijn = (wwhgglgg * Rsiqs - wMidr)lqs
+ Rslds + stslqs + leqr)lds (9.8¢c)
=R (i_2+i. %)+ eMi i -di, i) (9.84)
s'Tgs ds ds qr dr-gs ’

The first term in Eq. 9.8c is the izR power loss in the
stator and the second term is the air-gap power transferred
between stator and rotor. From the second term, the

electromagnetic torque developed by the machine is found to

be

Te = Miggigy - idrlqs)

(9.8e)
If the machine drives a mechanical load, the torque
(Tm) developed by the load would vary with the speed of

rotation (wr). Eq. 9.9 gives a general description of the



110

— —
-L M 0 0
rr
M ~L 0 0
Ss
[D] = A
o} 0 -er M
0 0 M --Lss (9.7e)
- ]
erRs MRr sterr errrM
- 2
+(w wr)M
- 2
MR Lser erssM wM
-(w-wr)Lserr
(E] = A
sterr wrMer erRs ~MRr
Y S 2
(w wr)M
- —2 -
wrMLSS wM MRs Lser
L *lw=w )L L _
(9.7£)
where
- 2 _ '
A = 1/(M Lss er) (9.79)
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mechanical load torque.

= | 2 B
Tm = a + bwr +cw o+ dwr (9.9)
where
Tm = torque developed by mechanical load
w.. = speed of machine and load

a, b, ¢, d = mechanical torque coefficients (some of
the coefficients could equal zero)

B = an exponent

From Newton's law, the inertial dynamics of the rotor

and mechanical load are given by Egq. 9.10

pw_ = (T, - T )/J | (9.10)

where, J = the total inertia of motor and load
By definition,

kinetic energy stored at synchronous speed (kW)

base kVA
= wk/sb (9.11)

=
il

k stored kinetic energy of the rotor and load

n
I

b base kVA of the machine

But the stored kinetic energy is

W, = (1/2) Jwbz (9.12)

Therefore,
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- _ 2
HS, = W, = (1/2) Juy

Wy is the synchronous speed.
- 2
J = 2HSb/wb

Hence,

it

2
puw.. (Te - Tm) Wy /ZHSb

That is,

- - 2
“p p(“’r)pu - (Te Tm)pu Tb “b /ZHSb

where
Tb = the base torque
Tpvp = 5p
Therefore,
up Ploy) gy = (T - T pu wy,/2H

Hence, in per unit gquantities,

pw, = (T, - T )/2H

(9.

(9.

(9.

(9.

(2.

(9.

(9.

13)

14)

15)

16)

17)

18)

19)
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X. APPENDIX B: CONVERSION OF MACHINE PARAMETERS AND
VARIABLES FROM THE MACHINE BASE
TO A COMMON SYSTEM BASE

A. Conversion of Machine Impedances

The parameters of machines are usually given in per
unit on machine base. In order to group two or more
machines into an equivalent, it is necessary to convert
these parameters to a common base, usually the system base.
Consider an induction machine that is rated for S, volt-

k

amperes at V., volts which is connected in a power system.

k
If the base voltage of the power system is Vb and base
voltampere of the system is Sb’ then the base impedance of

the power system is

_ 2
Zy = Vb /Sb (10.1)
and the base impedance of he machine is
_ 2
If Z) is a per unit impedance of a circuit in the k-th

machine on its own base, z, may be converted to the system

base (Zb) by

(Zk)system base _ 2k Zbk/zb (10.3)

, .
(z,) (V, V)% (s,/5,) (10.4)
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B. Conversion of Machine Currents

Let the per unit current drawn by the k-th machine be
denoted by ik' ‘This is usually calculated on machine base.
If v is the per unit voltage on the machine, then the actual

voltamperes (VA)k drawn by the k-th machine is
(VA)k = (v ik)pu Sk (10.5)

On the system base, the per unit apparent power (VA)k pu

drawn by the k-th machine is
(VA)k,pu = (VA)k/Sb =v ik (Sk/sb) (10.6)

From Eg. 10.6, the per unit currents drawn by the k-th
machine may be expressed on system base by multiplying the

per unit current on the machine base by the ratio (sk/sb).
C. Conversion of the Mechanical Torque Coefficients

It is assumed that the equation relating the mechanical
torque (Tm) to machine speed .. is given on the machine

voltampere base to be

T, = a+ bw_ + cwrz + der _ (10.7)

If the coefficients a, b, ¢ and d are expressed in per unit
on a machine voltampere base of Sk, then the actual power

(Pk) developed by the k-th machine is
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Pr = (Tok¥rx) (Sy)
2

; 3 B+1
(a W + b W + c W + d Woge ) (Sk)

(10.8a)
where
h ka = per unit torque developed by the k-th machine
given on machine base
W, = Per unit speed of the k-th machine
Expressed in per unit on system base, the per unit

power developed by the k-th machine is

Pi/Sp = (Tpi¥rk) (8/5p)

2 3 B+1
(a W + b Wy + C Woge + d Woge ) (Sk/Sb)

(10.8b)

— 2 3
= a(Sk/Sb) Woge + b(Sk/Sb) L + c(Sk/Sb) Wy

+ d(S,/5,) wrkB+l (10.8¢)

From Eg. 10.8c, the torque coefficients a, b, ¢ and d
can be converted from the machine base to the system base by

multiplying each coefficient by the ratio (Sk/Sb).
D. Conversion of the Inertia Constant-

The inertia of the rotor and the mechanical load it
drives is usually given as an inertia constant H which is
expressed on the machine base. This inertia constant is

proportional to the stored kinetic energy (Wk) at synchronous

speed. If Hk is the inertia constant of the k-th machine
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and its voltampere rating is Sk, then the stored kinetic

energy is

Wk = H (joules) (10.9)

k Sk
On the system base (Sb), the stored kinetic energy may

be written as
(joules) (10.10)

Wk H'

S

k "b

where

HI

k the inertia constant expressed on system base.

From Egs. 10.9 and 10.10,

H') = Hy (5,./5.) (10.11)
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XI. APPENDIX C: FINDING THE INITIAL CONDITIONS OF
INDUCTION MACHINE VARIABLES

A. TIterative Solution of the
Steady State Equivalent Circuit

If the parameters of an induction machine, the mechanical
power output (or the torque description of the mechanical
load) and the voltage on the machine are known, the initial
conditions of the current, electrical power input, speed
and torque can be calculated using the steady state equiva-
lent circuit. The equivalent circuit of an induction machine

is shown in Fig. 11.1.

ke N

Fig. 11.1. Steady state equivalent circuit of an
induction machine '

We can find Thevenin's equivalent voltage (Vth) and
impedance (Zth) of the source as seen at the magnetizipg
branch (BN in Fig. 11.2). These are giQen in Eq. 11.1 and
Egq. 11.2.

Vep = 3%/ (Rg = J(X_ + X)) V (11.1)
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Zop = 3K, (Rg + JX)/(Rg + 3(X + xé)) = R1 + jX1

(11.2)
B v
d Y L Sy
R1 r X1 Xr
Vtn Be
s
-
N
Fig. 11.2. Reduced equivalent circuit of Fig. 11.1
The rotor current ir is given by
ir = Vth/((Rl + Rr/s) + j(X1 + xr)) (11.3)

The total power delivered to the rotor is ir2 Rr/s and rotor

resistive loss is ir2 Rr' The mechanical power output is

P =i %R_(1-s)/s (11.4)

The speed of the rotor is (1 - s) and hence the torgue

(Tm) developed is
2

'Tm = Pm/(l - 8) = i}; (Rr/s) (11.5a)
= Vthz (R./s)/((R1 + Rr/s)z + (X1 + xr)z) (11.5Db)
Therefore,

P [(RL + R /s)? + (X1 + X )?] = (R_/s) (1 - s) Vo’

(11.6)
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This reduces to

(R_/5)% + [2R1 = (1-s) Vthz/Pm] (R./s) + (X1 + X )? =0

(11.7)
or
(R_/s)% + [2R1 - V.. 2/P ] (R_/s) + (X1 + X_)?
r th m r r
2 2 _ :
+ Vth Rr/Pm + R1™ =0 (11.8)
Equation 11.8 is in the form
v+ gy +g=0
where
Y = Rr/S (11.9)
_ 2
= 2R1 - Vth /Pm A (11.10)
2 2
g = (X1 + xr) + Vth /Pm (11.11)

At any given voltage V, Vth’ f and g can be calculated.

The solution of the quadratic equation above is given by
y = (-£ £ /£2 - 4qg)/2 (11.12)
Since Rr/s is positive for motors,

y = (-£ + /£% - 49)/2 (11.13)

Given the value of the mechanical output power Pm and
voltage V, an iteration can be carried out with an initial
guess of the slip just above O pu (e.g., s = 0.02). The

value of the quantity y = Rr/s may then be calculated. A
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new value for the slip can then be determined (s = Rr/y) and
the calculations continued until convergence.

e _ 2
If the torque description Tm = a + bwr + bwr + dwr

B
instead of Pm were known, this will just introduce one more
step in the iterative process. From the guessed value of
slip s, the rotor speed (wr = 1 - s) and the torque may be
computed. The mechanical power output, Pm = mer’ may then
be calculated and the iteration process continued.

After the slip is determined, Eg. 11.3 may be solved to

obtain the value of the rotor current ir. The stator

current is given by

i_=4i_ + 1 (11.14)

where im is the magnetizing current and it is given by

im = ir(Rr/s + jXr)/ij - (11.15)
Therefore,
is = ir[l + (Rr/s + jxr)/jxm] (11.16)

If the voltage phasor is taken as a reference, then the
phase angle (as) of the stator current is the power factor

angle. Hence,

iS = Iisl -as , (11.17a)
Similarly,
ir = |ir| [=ar (11.17b)

where,



|i

i
s’

ar

s
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and lirl are the magnitudes of the phasors
and i
T Tr

is the power factor angle of the rotor circuit

B. Transformation of Machine Variables into 0O-d-gq Axes

For

g-axis c¢

Vds

Vqs

where

ot

If

current

balanced three-phase voltages, the d~axis and the

omponents of the stator voltage are given by

= VvV cos (wf) (11.18a)

v sin (wt) (11.18b)

= per unit value of the voltage on the stator

angle by which the d-axis leads the reference

]

phase voltage (the a-phase of the a-b-c system)
= 27nf
= time in seconds

= frequency in hertz

the stator phase current is Iislg-us and the rotor

is Iirlg-ar, then, in the 0-d~g axes,

= |ig| cos (wt - as) (11.19a)
= -li_| sin (ut - as) (11.19b)
= Iirl cos (wt - ar) (11.19¢c)
= -]i,.| sin (et - ar) (11.194d)
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These are the steady state initial conditions required for

modeling the induction machine.
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XII. APPENDIX D: DERIVATION OF
APPROXIMATE WEIGHTING FACTORS

A. Proof That for Equal Power Factors,
(Lgghy/ igg) o = lgghlligg)e = (KVA),/ (kVA)

The phasor diagram shows the relationship between: the
voltage and currents of a number of induction machines

connected to the same bus.

*A

(ids)e

(145) 4

- q

(iqs)k (iqs)e

The voltage V is common to all machines. If the power
factors of all machines are equal, the currents of the
individual machines will be in phase with éach.other and
with the current of the equivalent machine, which is the sum
of the currents to the individual machines.

From the phasor diagram,

(ids)k = (iqs)k tan 6 | (12.1)
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(ids)e = (iqs)e tan 6 . (12.2)

Taking the g-axis as reference, kVAs of the k-th machine

and the equivalent machine are
(kVA)k = Vik = V[(iqs)k + j(ids)k]/Q + B (12.3)
(kVA)e = Vie V[(iqs)e + j(idS)e]/Q + 8 (12.4)

]

Therefore,

(kVA)k _ V[(%qs)k+?(ids)k] _ (iqs)k (l+?tan6) ) (J:.gs)k
(kVA)e V[(lqs)e+](1ds)e] (:qu)e (1+jtanb) (lqs)e
(12.5)
Similarly,
(kVA)k _ V[(iqs)k+j(ids)k] _ (ids)k 1/tand+j ) (iés)k
(kVA)e V[(lqs)e+j(1ds{e] (J.ds)e 1/tan6+j (J.ds)e
(12.6)

B. Percentage Error in the Equal
Power Factor Assumption

If all machines operate at equal power factors, the
total voltamperes drawn by all machines is just the arithmetic
sum of that drawn by the individual machines. Seen from the
common bus, the voltampere of each machine is proportional to
its line current. Figure 12.1 illustrates the addition of

two voltamperes and the errors involved in using an

approximation. From the figure,

I1 = Il/-e1 (12.7)

.
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> V
Fig. 12.1. Addition of two current phasors
I, = I,/-%,
@2 - @1 =¢ + B+ a (12.9)
The. resultant current
IR =1 + 12 = (I1 cosf + 12 cosB)/—@1 - 0. (12.10)

But by assuming equal power factors, the approximate
resultant current is

Ip=14 2

The correct total voltamperes is‘given by Eq. 12.12,

(12.8)

+ I (12.11)

VA = VIR (12.12)

the magnitude of which is

|vig| = V(I, cos® + I,

The approximate total voltamperes is given by Eq. 12.14,

R

cos B) (12.13)

VA = VI_ = V(i1 +1,) (12.14)

The per unit error in uSing_the'approximate VA is
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vi_ - |vi_] (I, + I.,) - (I, cos® + I, cosB)
R~ Vil Ty 7o 1 2 (12.15)
|vIgl I, cosb + I, cosB
I, + I
= L2 -1 (12.16)
I1 cosf + I2 cospB

For practical motors, the full load operating power
factors range from 0.65 for small motors to 0.91 for large
motors [39]. The corresponding angles for @2 and @1 are arc-
cosine (0.65) or 49.5°, and arccosine (0.91) or 24.5°. These
give the maximum phase angle between the currents drawn by
any two induction motors operating within the above range of
power factors as 25°.

Given the magnitudes of El and I , and the angular spread

(o = B + 8) between them, the values of 6 can be computed as

follows.
12 sino
8 = arctan I cos + I (12.17)
2 1
B = a-0 (12.18)

The per unit error of Eq. 12.16 can then be computed.
Numerical calculations have been done for various values

of I1 and 12 and o. As shown below, the maximum error oécurs

when I1 equals I2 and o is at its maximum possible values

(25° in this case). This percentage error is 2.4%. Table 2.1

shows the results for various values of I;/I2 and a.
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The conditions for maximum error can be derived as

follows. Let error be
AVA _ e _ 1 (12.19)
VA Il_cose + 12 cosB ¢
5 [AVA\ _ I1 cosf + I2 cosf - (Il+12) cosB
31 (Va) = 7 (12.20)
1 (I, cos8 + I, cosBf)
1 2
12 fcosB - cos0)
= > (12.21)
(I1 cosf + 12 cos B)
Table 12.1. Per unit errors in the equal power factor
assumption
o Il/I2 1 2 5 10 20
25° 6.024 0.021 0.013 0.008 0.004
22° 0.019 0.016 0.010 0.006 0.003
19° 0.014 0.012 0.008 0.005 0.002
16° 0.010 0.009 0.005 0.003 0.002
13° 0.006 0.006 0.004 0.002 0.001
190° 0.004 0.003 0.002 0.001 0.001
7° 0.002 0.002 0.001 0.001 0.000
For maximum or minimum,
3 AVA
( VA 0 (12.22)

811

) -
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Therefore,

B=6=5; (B=oa-28) (12.23)
Also,
5 AVA _ -I1 sin® + 12 sin(a=6) 12 24
FE) VA) - 2 (12.24)
(I1 cosd + Izkcos(are))
For maximum or minimum,
3 (AVA\ _ |
=5 (—ﬁ) =0 (12.25)
Therefore,
I1 sing = 12 sin (o—9) (12.26)

Using the condition (6 = a/2) of Eg. 12.23 in Eq. 12.26,

for minimum or maximum error.

The second derivative of the per unit error function is

N

VA (12.27)

2= (é!é) =G (6? + HZ) <0
50 - ¢t

Hence, maximum where

G =1

1 cosb + I

> cos(o~0) > 0 for 0 < 8 < a < 25° (12.28)

and

H -~I, sin® + I, sin(a=0) (12.29)

1 2

These analyses show that the maximum error in the equal
power factor assumption occurs when two currents of equal
magnitudes at their widest phase separation are assumed to be

in phase.
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